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Abstract 

We determine all the Kummer-surface-type Calabi-Yau (CY) 3-folds, i.e., those T/G which 
are resolutions of 3-torus-orbifolds T/G with only isolated singularities. There are only two 
such CY spaces: one with G = Z3 and T being the triple-product of 1-torus carrying an order 3 
automorphism, the other with G = Z7 and T being the Jacobian of Klein quartic curve. These 
CY 3-folds T/G are all rigid, hence no complex structure deformation for each of these two 
varieties. We further investigate problems of P^-curves C in T/G not contained in exceptional 
divisors, by considering the counting number d of elements in C meeting exceptional divisors 
in a certain manner. We have obtained the constraint of d. With the smallest number d, the 
complete solution of C in T/G is obtained for both cases. In the case G = Z3, we have derived 
an effective method of constructing G in T/G, and obtained the explicit forms of rational curves 
for some other d by this procedure. 
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1 Introduction 



For the past decade, the problem of rational curves in Calabi-Yau (CY) 3-folds has drawn consid- 
erable attention of algebraic geometers, due to the bold conjecture suggested by string theorists on 
counting rational curves in a certain type CY 3-fold by some method using the variation of Hodge 
structures over complex moduli space of the corresponding mirror CY 3-fold (see, e.g., [14]). Even 
though the problem has remained one theoretical challenge by now, a satisfactory solution by the 
rigorous mathematical reasoning should still be demanded for the answer due to explanation of the 
mathematical essence of CY-mirror phenomenon. Nevertheless, contrast to the role of Kummer 
surface in K3 surfaces, the analogous construction of CY 3-folds through torus-orbifolds often leads 
to rigid varieties, i.e., there is no deformation of the complex structure. Hence the counting of 
rational curves through the mirror-mechanism fails on those rigid CY 3-folds. Therefore, rational 
curves on rigid CY 3-folds would deserve certain attention for a special treatment. It is the objec- 
tive of this paper to study problems on rational curves in the rigid CY 3-folds of Kummer-surface 
type, which involve abelian varieties of CM-type in number theory. 

In this work, we first derive the complete structure of all CY 3-folds obtained by resolutions of 
3-torus T quoticntcd by a finite (Lie)-automorphism group G with T/G possessing only isolated 
singularities, (a study of such kind was made before in [11] under a stronger assumption (with 
G abelian) with a weaker conclusion (of modular the isogeny-equivalcnce) obtained). Up to iso- 
morphisms, there are only two such CY 3-folds T/G, and both are rigid (see Theorem 1 of the 
paper). One arises from T being the triple-product of 1-torus carrying an order 3 automorphism 
with G = Z3, and the other is obtained by the Jacobian variety T of Klein quartic curve with 
G = Z7. The crepant resolution of T/G is obtained by standard methods in toric geometry with a 
simple rational-surface structure of exceptional divisors for both cases. Note that these two 3-folds 
were also characterized as the CY 3-folds of type //Jq in [6], where the Lie-assumption of the 
group G can be replaced by the biregular ones with a suitable constraint on elements in G and the 
topology of T/G. As the exceptional divisors in these two T/G all consist of one-parameter family 
of rational curves, the interesting ones among rational curves in T/G should be those not contained 
in any exceptional divisor, which will be one main topic we discuss in this paper. We propose a 
modest and seemingly innocuous constraint on rational curves (the condition (P) in Section 3), 
which, though not cover all, but allow us going beyond a few cases to explore many interesting 
figures appeared in these rigid CY 3-folds. For the minimal number of intersecting points of a 
rational curve with the^xceptional divisors in our framework, we obtain the complete solution on 
the location of in T/G, and also the total number of those curves. In the case G = Z3, we 
have developed a quantitative method of constructing rational curves in T/G, then carried it out 
in some cases to obtain an explicit form of the solution. 

The organization of this paper is as follows. In Section 2, we determine the complete structure 
of CY 3-folds T/G for torus-orbifolds T/G with only isolated singularities. There are only two 
such T/G: T is either the triple-product of the 1-torus carrying an order 3 automorphism with 
G = Z3, or the Jacobian variety of Klein quartic with G = Z7, (see Examples 1 and 2 in paper). 
The derivation is based on two ingredients, one about the topological relation on the fixed-point set 
of an n-torus T acted by G with the G-invariant spaces of cohomologies of T, and the other on the 
classification of 3-tori carrying a cyclic automorphism group with a finite fixed-point set. The latter 
fact, which was contained in our previous work [9], indeed can be understood as a consequence of 
CM type abelian varieties in [13] and the well-known fact on the ideal-class number of cyclotomic 
fields of small degree in number theory. We shall derive those^ facts relevant to the present paper in 
the appendix for easier reference. The crepant resolution T/G of T/G for both two cases are rigid 
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CY 3-folds. For the next two sections, we study problems of rational curves in these two T/G not 
contained in exceptional divisors. In Section 3, we formulate a precise problem of rational curves 
C by imposing a condition on C when intersecting the exceptional set of T/G, and introduce the 
counting number dc of exceptional components meeting C. By considering the smooth model Wc 
of the G-covering curve Wc C T over the C-image in T/G, we investigate the general properties 
of Wc, in particular one obtains dc > 3. For = 3, we are able to derive the smooth structure 
of Wc, the location of C in T/G, and the total number of all such C"s. In Section 4, we study the 
existence problem of rational curves C in T/G with dc > 4 in the case G = Z3, and the property 
dc 7^ 4, 5 is easily obtained. For dc = 6, Wq is again a smooth curve, and we have constructed all 
T^c in T, hence the rational curves C in T/G. We also show that there is no C with dc = 7. Then 
we give the conclusion remarks in Section 5. 

Notation. To present our results, we prepare some notations. In this paper, Z,R, C will 
denote the ring of integers, real, complex numbers respectively, and we will write the order m 
cyclic group Z/mZ by Z^. For a topological space X, the Euler number of X will be denoted by 
X{X). 

2 Rigid Calabi-Yau 3-folds 

It is known that the automorphism group of a polarized abclian variety is always finite. For the 
purpose of constructing CY space, we shall consider only those with automorphisms preserving the 
(holomorphic) volume form. 

Given a (compact) complex n-torus T{= C^/L) for n > 2, we denote by Saut{T) the group 
of special automorphisms of T, i.e., the Lie-automorphisms preserving the volume n-form of T. A 
class of CY manifolds can be obtained by the following procedures: 

(i) Determine the structure of the orbifold, T/G, for a (nontrivial) 

finite subgroup G C Saut{T). (1) 

(ii) Construct the (or a) crepant resolution T/G of the orbifold T/G. 

For n = 2, the well-known K3 surfaces are Kummer surfaces are obtained by the minimal resolution 
of T quotiented by the involution. However for n > 3, the involution of a n-torus T no longer serves 
the purpose of constructing CY n-folds as in K3 case, since it fails either the condition (i) (for odd 
n) or the requirement (ii) (for even n) in (1). Hence in searching CY n-fold by the method (1) 
for n > 3, the n-torus T is required to possess certain extra special symmetries to generate the 
group G in (i), hence abelian varieties of CM-type naturally appear in this context. In general, the 
CM-structure of T is related to the nature of (the fixed point set of g) for 5 G G, or equivalently, 
the G-fixed point set Tq, 

Tg:= U T9 . 

A discussion of such relation was given in [9]. To make our presentation self-contained, we shall 
derive the relevant results in the appendix for easier use. For the construction of (ii) in (1), the 
solution relies mainly on the solution of the local version, namely: 

(ii)' Construct the (or a) resolution C^/G with trivial canonical bundle 
for a finite subgroup G C SL„( C). 

For n > 4, it is known that there is no crepant resolution C^/G for a general subgroup G of 
SL„(C). Hence the criterion of G so that one could obtain a positive result of (2) becomes a 
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non-trivial problem, of which little results have been known except a few special cases (e.g., see 
[5]). For n = 3, the positive solution of (2) has been known for all special group G (sec [10] and 
references therein). Hence, in principle one should be able to determine all the CY 3- folds arising 
from 3-torus-orbifolds through the procedure (1). 

First we describe certain topological constraints on a torus T acted by a group G such that 
T/G has only isolated singularities. 

Lemma 1 Let T he a n-torus, and G he a finite (tori-) automorphism group ofT, (no special 

condition on automorphisms required), such that Tq consists of only finite elements. Then 
(i)The number \Tg\ is divisible by \G\ with —^-^ equal to the Euler number x{{T \Tq) / G) . 
(a) The following equality holds: 

\Tg/G\ - ^ = 2(1 + V dim W{Tf) + (-l)"dim //"(T)^ . 

(Here the suffix G in the above right hand side means the G-invariant suhspace.) 

Proof. For an element p € Tq, we consider a small G-invariant ball B{p) in T centered at p. As 
G acts freely on T \ Tg, the equality, \G\x{{T \ Tg)/G) = x{T \ To), holds. Indeed, one has the 
following relation of the cohomology (with coefficients in C): 

H\{T \ Tg)/G) = H\T \ Tof for all i . (3) 

By the (cohomology) Mayer- Vietoris sequence of the pair {T\TG,yJp^TcU{p))-> 

x{T\Tg) + \Tg\ = x{T) (=0). 

The result {i) then follows. The Mayer- Vietoris sequence of ((T \ Tg)/G, Up^TgU{p)/G) gives the 
following relation: 

X{T/G) = \TG/G\+x{iT\TG)/G) ("'J^ \Tg/G\ - ^) , 

By comparing the Mayer- Vietoris sequences of {T\Tg, Up^TgU{p)) and {{T\Tg)/G, Upgr^ C/(p)/G) , 
then using (3), we have the identification of vector spaces: 

W{T/G) = H\T)^ for < i < 2ra . 

Using Hj{T)'=' ~ F2n-j(-2^)G < j < ra, and H^{T)'^ = ( by the finiteness of Tg), one can 
express x(r/G) by 

n-1 

X(T/G) = 2(1 + ^ dim H^{Tf) + (-l)"dim F"(r)^ . 

Then (ii) follows. □ 

For the rest of this section, T will always denote a 3-torus, and G a finite special subgroup of 
T with \Tg\ < oo. One may identify the universal cover T of T with the tangent space of T at 
the identity element o of T. Then the group G can be regarded as a subgroup of SL3(C) by the 
differential at o: 

G SL(f ) (~ SL3( C)) , g ^ {dg)o . (4) 
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For p eTq, the isotropy subgroup of G at p will be denote by Gp. 

Claim: The order of every non-trivial element g £ G must be odd, and dim H^{T)^ = 2. In 
fact, if the order of g is an even number 2fe(> 1), then g^ is an order 2 element in G. This implies 
the differential d{g'')o of g'^ in (4) with the eigenvalues, —1,-1,1, hence g'' fixes a 1-subtorus of 
T, a contradiction to \Tg\ < oo. By G C Saut{T), H^{T)'^ contains the 2-dimensional subspace 
H^'^{T) + H^''^{T). In G, we consider a non-trivial element g, with the representation in (4) given 
by a diagonal transformation for some coordinates {zi,Z2,zs) of C^. Among all the 3-forms of T, 
dzi A dz2 A dzs and dzi A dz2 A dz^ are the only ^-invariant eigen-forms. Otherwise, the diagonal 
action of g on has —1 as one of its eigenvalues, which implies g^ is a non-trivial automorphism 
fixing a 1-subtorus of T, again a contradiction to \Tq\ < oo. Therefore, H^(Ty is a 2-dimensional 
subspace, so is H^(T)'^ . By which, the equality in Lemma 1 {ii) becomes 

\TgIG\ - M = 2 dim H\Tf . (5) 

We now describe two standard examples of 3-tori (which appeared previously in [11]) for later 
use. 

Example 1. E{ui)^ where lu := . Let E{u)) = C/(Z + Zlu) be the 1-torus with the 
order 3 automorphism (defined by [z] [i^z]), and E{ujY the triple-product of E{(jj). The 
triple-product of rui^j defines the automorphism of E{uj)^^ 

ml : E{uf E{ujf , {[zi], [z2], [Z3]) ^ {[u^zi], [wzs], [^^3]) , 

which generates an order 3 special automorphism group G = (mj) of E{uj)'^. Then the map (4) is 
given by (dm^)o = C0I3, hence H'^{T)'^ is the 9-dimensional space with a basis given by 

3 

H'^{T)'^ = CdziAd^j . 

The fixed point set {E{uj)^)g is the triple-product of £^(w)(^^^ (= the order 3 additive subgroup 
of E{u!) generated by [^-'^]). For each p G {E{u!)^)g, we have Gp = G, which acts as the u- 
multiplication near p in T. By which, one can also verify the formula (5) directly from the terms 
involved. □ 

27ri 

Example 2. A{Q{^)) where /x := e~ . Let (fi, 1 < i < S, be the three field-embeddings 

of Q(/i) into C with ^pi{p) = /x, ^2(m) = ^sifJ-) = fJ-^- Then {Q(fi), {ipi}"-^-^) is a CM- 

field [12]. The R-isomorphism, u : Q(/u) (S> R- — > C^, which embeds Q(/i) into C'^ via n(.x) = 
{ipi{x),(p2{x),ip3{x)y for X G Q(a*), gives rise to a lattice ?x(Z[/i]) in with the integral basis 
{'u(/x*)}f^o expressed by 

/ 1 ^ ^2 ^3 ^4 ^5 \ 

u(l),«(M),---,n(/x5) = 1 ^4 ^6 ^ ^3 I 

^ ^ \ 1 /x^ /X /^V 

The 3-torus 

A{Q{fi)) = CVn(Z[/x]) 
is an abelian variety of CM-type with a special automorphism group G generated by 

: A{Q{n)) A(Q(/x)) , [{zi, Z2, zsf] ^ [{iizi,fM^Z2, M^^s)*] • 
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Then the fixed point set A(Q(/i))c! is an order 7 subgroup of A{Q{ii)) with the generator ^ Z^f=o(i+ 

l)u{ii^). For each p € A{CI{p))g, one has Gp = G, acting on T near p as the diagonal matrix with 
eigenvalues ji, /x^, /x*^. Then H^{T)^ is a 3-dimensional space with a basis {dzj /\dzj}^j^]^. By which, 
one can also directly check the relation (5). □ 

We now show that the above two examples are indeed the only ones which give rise to CY 
3-folds by resolving singularities of the torus-orbifold. 

Theorem 1 Let T he a 3-torus and G a finite subgroup of SautiV) with \Tg\ < oo. Then 

(i) G is a cyclic group of order 3 or 7. The pair {T,G) is isomorphic to either {E{io)^, (mf,)) 
(in Example 1), or (^(Q(^)), {nifj)) (in Example 2). 

(ii) There exists the unique crepant (toric) resolution T/G ofT/G. Both T/G are rigid projec- 
tive CY 3-folds with the zero Hodge numbers except = /t^'^ = = = 1, and the following 
ones' 

E{uf[{ml) : h^'^ = /i2.2 = 36 = 72) ; 
A{Ct{ii))/{m^) : /ii'i = /i2.2 = 24 (x = 48) . 

Proof, (i). First we consider the case when G is a cyclic group. By using results on abelian varieties 
with complex multiplication [13], one can classify all the 3-tori T with a finite automorphism 
group G of order > 3 [9]. By which, (i5^(a;)^, (m^,)) and (yl(Q(;u)), (m^)) are the only {T,G) 
with G C Saut(T) and \Tg\ < oo. (We shall derive the relevant facts in the appendix for the 
sake of completeness of this paper). Hence it suffices to show that there is no non-cyclic special 
automorphism group G for a 3-torus T with \Tg\ < oo. Otherwise, let {T,Q) be a such pair with 
the minimal order \Q\ among all (T, G) such that G is a non-cyclic special automorphism group of 
T with \Tg\ < oo. By the finiteness of Tg, an order 3 subgroup of Q, if exists, must be generated 
by the multiplication of u; via the embedding (4), hence unique and contained in the center of Q. 
This implies that every element in Q must be of order 7 from our previously known classification 
of 3-tori with a cyclic special automorphism group. Therefore \G\ = 7^ for some k > 2, and 
dim H^iT)^ = 3. By the minimal property of \Q\, the isotropy subgroup Qp for an element p G 7g 
is either equal to Q, or a subgroup of order 7. Denote by Tqq, Tg^ the subsets of Tg consisting of 
the elements p with \Qp\ = 7^^ or 7 respectively. ( Note that a G Tg^.) Then is divisible by 
7^=-!, and \Tg/g\ = \Tg^\ + pji. By Theorem 1 (z), \Tg\{= \Tg^\ + \rg^\) is divisible by 7^ which 
implies is a positive integer. Using (5) for the pair {T,Q), one has 

7^-^ ITeol , JTg,\ + \Tg,\ _ 

I 2 ' 7^-1 ~ 

which leads to a contradiction as all terms in the above left hand side are positive integers. The 

result (i) then follows. 

(ii) By the description of Tg in Examples 1 and 2, T/G is an orbifold with only isolated 
singularities, and the local structures near singular points arc all the same, given by C^/G via (4). 
We have lSing(T/G)| = 27,G = (wJ) in Example 1, and \Sing{T / G)\_ = 7,G = (dia[/i, /x^]) in 

Example 2. For both cases, one has the crepant toric resolution C^/G of C^/G ( see, e.g., [8] 
Proposition 2.), by which one obtains the CY resolution T/G over T/G, 

TT : f/G — > T/G . 

Indeed, the crepant toric resolution C^/G is unique in both cases. The exceptional set E in C^/G 
is given by £^ = in Example 1, and E = Di -\- D2 + -D3 in Example 2, where Di ~ H~^, 
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the P -bundle over P by compactifying the (— 2)-hyperplane bundle with oo-section, are normal 
crossing divisors with the only intersections as follows: 

Di ■ D2 = 0— section of Di = a P^ — fiber of D2, 
D2 ■ = 0— section of I?2 = a P^ — fiber of D^, 
D3 ■ Di = 0— section of D3 = a P^ — fiber of Di, 

(for the derivation, see, e.g. [11] §3 Example II). Hence in both case, we have 
H\cyG) = H^{C^G) = , H^{CyG) = Y,Cc{D) 

D 

where the index D runs through all irreducible exceptional divisors, and c{D) denotes the first- 
Chern class of the line bundle 0[D]. Choose a sufficient small G-invariant ball U{p) in T near 
each p G Tq as before (note that Gp = G in the present situation), and denote the G-quotient 
of U{p) in T/G around [p](= G-orbit of p) by l^([j']) = U{p)/G. Note that one can make the 
identification: f/G \ 7r-i(Sing(T/G)) = {T\Tg)/G, and W{{T\Tg)/G) = W{T)^ for j = 1,2,3. 

By Mayer- Vietoris sequence of the pair i^/G \ 7r^^(Sing(r/G)), U[p]gSmg(T/G) '""""^(^([p])^ > one 
obtains 

H^f/G) =H^T)G (=0), 

H'^ifJC) = H'^{T)^ + J2d Cc{D) , where D : irred. exceptional divisor in f/G , 
H^{T/G) = H^[T)'-' (= Cvt + Cvt , vt '■ holomorphic volume form of T). 

Since elements in Sing(T/G) and Tc arc in one-one correspondence, by the descriptions of H'^{T)'^ 
and Tq in Examples 1 and 2, plus the local structure of exceptional divisors in the crepant resolution 
T/G over Sing(T/G), the Hodge numbers of T/G in (ii) then follow immediately. □ 

Remark. By the structure of {T,G) in Theorem 1 (i), translations by elements in Tq and the 
centralizer of G in Saut{T) give rise to biregular automorphism groups of T/G, hence ones on the 
CY 3-fold T/G. For the case in Example 1, E{lo)^/ {m^) possesses the infinite automorphism group 
(£;((j)3)g •PSL3(Z[u;]) (= the semidirect product of PSL3(Z[u;] by {E{ujf)G) □ 

There are several representations for the isomorphic class of (>l(Q(/x)), (??^^)) in Example 2. 
First, we show an easy lemma for later use: 

Lemma 2 Let W be a genus 3 curve with an order 7 automorphism group g. Then W is birational 
to the affine curve = x^{x — 1) in for k = 1,2,3,5, and g is generated by the morphism 
{x,y) 1-^ {x,iiy). Furthermore, a basis of abelian differentials of first kind of W is given by the 
following list: 



k 


forms for y'^ = x''{x — 1) 


1 


dx /y'^ , dx/y^ , dx /y^ 


2 


dx/y'^, xdx/y^, xdx/y^ 


3 


dx/y'^, xdx/y'^, x^dx/y^ 


5 


x^dx/y^, x'^dx/y^, x'^dx/y'^ 



As a consequence, "ip = x^ix — 1) is the only case such that g induces the special automorphism 
group of the Jacobian of W. 
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Proof. By Hurwitz's theorem, one has the Galois g-cover of W over W/g = P with three branched 
points, which can be assumed to be 0, 1, oo. Then W is birational to y'^ = x^{x — 1) for a positive 
integer k < 7, and the morphism, {x,y) i— > {x,fj,y), gives rise to a generator of g. As oo is a 
branched point of the cover W over P^, k can not be 6. Furthermore, = x''{x — 1) for A; = 2 and 
4 are birational curves via the birational map: i— > (i, ^^). The basis of abelian differentials 
of first kind in the above table can be obtained by the direct computation on each case. □ 

By the above lemma, the class (A(Q(//)), (m^)) can be represented by the Jacobian of the curve 
= — 1). One can also describe this curve by the Klein quartic [4]: 

K : ZfZ2 + ZiZs + ZlZi = , [Zi , Z2, Z3] G P^ . 

It is known that K is the genus 3 curve having the automorphism group Aut{K) isomorphic 
to the order 168 simple group. Hence the Jacobian Jac(i^) of Klein quartic carries the special 
automorphism group with the same structure as Aut(K). Inside Aut{K), there is an order 7 
subgroup, denoted by K7. By Theorem 1, we have 

(yl(Q(//)),(m^)) ~(Jac(i^), Kj), ^(Q(^/(m^) ~ Jac(i?)/K7 • 

By Lemma 2, K can be represented by the affine curve y'^ = x'^{x — 1), with kj corresponding to 
the cyclic group generated by the map, {x,y) ^ {x,fiy). Another representation of the torus in 
Example 2 is the 3-product of elliptic curve E(r]) = C/{Z + Zt]) where r] := (= + + 

As an element /? in Z[r]] gives rise to an endomorphism of E{r]) induced by the /3-multiplication 
on C, one has End{E{rj)) = Z\r]\. Hence SautiEij])^) = SL3(Z[?7]). Consider the order 7 special 
automorphism group of E{r])^ generated by the following matrix in SL3(Z[r/]), 

/ 1 \ 

1 rj + l 
Vol r] ) 

Then by Theorem 1, we have 

(^(Q(^)),(m^)) (^(,7)3, G,) , A{Q{fx)j/{m^) E{ri)^/G, . 

3 Rational Curves in f/G 

For the rest of this paper, we arc going to study a rational curve problem in the rigid CY 3-folds 
T/G in Theorem 1. As all the exceptional divisors in T/G are smooth rational surfaces, we shall 
discuss those rational curves in T/G not contained in the exceptional set. Indeed, we consider only 
the rational curves C in T/G with the following property: 

(P): G is a P^-curve intersecting each connected component of the exceptional set in T/G at most 
at one point. 

For the rest of this paper, we shall denote by G a P^-curve in T/G with the property (P). 
Denote the map of G-orbits in T by 

p:T^T/G. 
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For a P^-curve C in T/G with (P), its image 7r(C) in T/G is a, rational curve, but possibly singular 
when passing through Sing(r/G). We shall denote 



dc: =|7r(C)nSing(r/G)| 

= I {connected components in the exceptional set intersecting C}\ , (by (P)) , 

and Wc '■= p~^(7r(C)), which is a curve in the torus T. 

Lemma 3 Wc is irreducible, and dc > 3. 

Proof. If Wc is reducible, it must consist of |G| irreducible components as the group G acting on 
Wc is of order 3 or 7. Then each irreducible component is a (possibly singular) rational curve, 
and can be lifted to the universal cover (~ C^), which is impossible by the fact that there is no 
non-constant global function for compact Riemann surfaces. Therefore Wc is irreducible. Note 
that elements of Tc and Sing(T/G) are in one-one correspondence under p. If dc < 1, Wc must 
consists of |G| irreducible components by the simply-connectness of and C; while in the case 
dc = 2, Wc is again a rational curve (possibly with at most two singularities), hence can be lifted 
to the universal cover of T. Both situations are impossible. Hence one obtains dc > 3- □ 

By the relation between Tc and Sing(T/G), we have |Wc n Tg] = dc, and Smg{Wc) C Wc n Tc- 
The normalization of Wc, denoted by Wc, is a smooth curve with a bijective morphism onto Wc- 
The similar relation also holds between C and 7r(C), and one has the Galois G-cover of Wc over 
C with dc branched elements corresponding those in Wc n Tq, 

Tc-.Wc^C . (6) 

Hence Wc is a Riemann surface of genus dc — '2' for |G| = 3, and ?)dc — 6 for \G\ = 7. 

We now discuss the structure of the genus {dc — 2) Riemann surface Wc in the case of Example 
1 for dc > 3. Denote by 9 the order 3 automorphism of Wc induced by of E{u)^. One has the 
following local description of the morphism from Wc into Eiuj)^ near {Wc)(0)- 

Lemma 4 Let s he an element in iWc){e)> o'^^ (■^i, S2, S3) G E{uj)'^ he its corresponding element in 
Wc- Let Zj he the uniformizing coordinate of E{uj) centered at sj for j = 1,2,3. Then there exists 
a local coordinate t in Wc centered at s with the following local expression of Wc into E{lo)^ near 
s: 

t^{zi,Z2,Z3) = {aif-^+^f,{t^), a2i'--^+V2(t'), asf-'^^fs{t^)) , 

for some aj G C, r^j G Z>o, and analytic functions fj{*) with fj(0) = 1, such that either all 
rsj = (mod 3) or all rgj = 1 (mod 3). (Note that the condition of rgj's depends only on 
those j with aj ^ O.j Furthermore, one has 

gcd.{r,j + l |1 <i <3 , a,-^0} = l. (7) 

In particular, if {s\, s^, S3) is non-singular in Wc, one has rgj = (mod 3) for all j. 

Proof Choose a local coordinate t in Wc centered at s so that 9 is locally described by t h-> ujt, or 
t H- > oj'^t- Then the local expression of Wc into E{lo)^ near s is given by 

t^{zuZ2,Z3) = {a,t'--^+'F,{t), a2t''-'+'F2it), ast'^'^+'F^it)) 

for some aj G C, rgj G Z>o, and analytic functions Fj(t) with P;(0) = 1. Since the above map 
sends 6{t) to {iozi,ujZ2,ioz2), Fj{t) must depend only on t^, and the integers r^j are all = (mod 3) 
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or all = 1 (mod 3) according to 9{t) = ujt or oJ^t respectively. The condition (7) follows from the 
bijective relation between Wc and Wc- When Wc is non-singular at the element (51,52,53), there 
exists some j with aj 7^ and = 0. The result then follows. □ 

The projection of Wc to each factor of E{ujY gives rise to the Za-equivariant morphism, 

p.,Wc—^E{u), J = 1,2,3, (8) 

by identifying the group Z3 with {0) on Wc, and {rrii^) on E{uj). The curve Wc is described by all 
Pj's, and Wc/'Z^z gives rise to the C in T/G for T = Eiuj)'^ . Consider those non-constant pjS, and 
denote a such morphism pj simply by p for the sake of convenient notations. 

p:Wc — > E{u) . 
The Zs-quotient of p gives rise to a rational function of C (~ P^): 

-p-.C — ^ . 

Note that |(H^c)z I — and \E{lo)2, | = 3. As {Wc)2, is sent to -E(a;)2 by p, the group Z3 acts 
freely on p^^(i?(aj) \ E{u!)2,^) and E{uj) \ E{uj)2,^- Hence the morphisms p and p have the same 
degree, denoted by 

5 = deg{p) = deg(p) . 

The /9-ramification index at s G (^c)z3 is denoted by -|- 1 for some > 0. (Note that Vg is the 
rgj in Lemma 4.) 

Lemma 5 We have p~^{E{oo)2,^) = (^0)23- ^or each e G E{u})2,^, the degree S of p (orp) can 
be expressed by the ramification indices of elements in p~^{e), 

6= i^s + l). 

sGp-^{e) 

Proof. For e € E{uj)2^_^, we denote Og := p~^{e) \ {Wc)2,.^j ^.nd the p-ramification index at x € Og 
by r^; + 1 for some rx > 0. By the structure of p-fiber over a generic point near s, the degree of p 
is expressed by 

S= E_ (r. + l)+ E(r. + 1). 

sep-i(e)n(Wc)y 

Under the Za-quotient, elements of E^lj)'^,^ and E{iAj)2,^/'Z3 are in one-one correspondence, and 

the same for {Wc)^.^ ^^d (^0)23 7^3 Furthermore, p and p have the same ramification 
indices at the corresponding Za-fixed elements. The group Z3 acts freely on Og which consists of 
Z3-orbits, and all elements in a Za-orbit have the same ramification index. Hence J2xeOe(^x ^) 
is divisible by 3, and the degree of p is given by 

S= E_ (r. + 1) + ^^^oSrx + 1) 

se/o-i(e)n(Wc)23 

By comparing the above two expressions of 6, one concludes that Og is an empty set. Then the 
results easily follow. □ 
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Denote by B the collection of all branched elements in Wc \ {Wc)'z,^- For q E B, the p-ramification 
index at q is expressed by + 1 for some > 1. As Z3 acts freely on B, there exist some 
non-negative integers 7*^^^^ and 7(^'' so that 

se{Wc)y 

^3 

For the morphism p, all the branched elements in C are descended from those in Wc through tc ( 
in (6)). We have 

the p— ramification index at tc{p) = the p— ramification index sX p , for G {Wc)'^^ U B . 
Then by using the Hurwitz's formula for p and p, one obtains 

2dc - 6 = 7^°) + 37^^) , 25-2 = 7^°) + 7(1) , (hence 5 = dc-2- 7(1) ) . (9) 

Lemma 6 Let pjs be the morphisms in (8). 

(i) When dc = 3, pj is either a constant-map with the value in E{ijj)(^^^^, or a biregular 
morphism. 

(ii) dc^4.,b. 

(Hi) If Wc is a smooth curve in T, dc is divisible by 3. 

Proof. Note that a constant pj must take the value in E{u)(^^^y When dc = 3, one has (5 = 1 by 
(9) for a non-constant Pj{= p). The result [i) then follows. 

{ii). When dc > 4, Wc has the genus greater than 1. There exist at least two non-constant pjS. 
If dc = 4, by the relation (9) we have 7*^°^ =5 = 2 and \B\ = for every non-constant morphism 
Pj, hence with only two ramified elements, all belonging to {Wc)'^,^. Say p\ to be a non-constant 

morphism. Let s be an clement in {Wc)2,.^ with the pi-ramification index 2. By the property (7), 
either p2 or p^ has the ramification index at s equal to one. This leads to a contradiction by the 
modular-3-property for all pj -ramification indices at s in Lemma 4. 
If dc = 5, the relation (9) has only two solutions : 

7(0) = 7(1) = 1,5 = 2; or 7(0) = 4 , \B\ = 0, 5 = 3 . 

In the case 7^^^' = 4, by 5 = 3 there is an element in {Wc)2,^ with the ramification index 3, which 
is impossible by Lemma 4. Therefore all non-constant pj are described by the first solution with 
5 = 2. By (7), for each s G (W^c)z3 ^^^^^ exists one pj with the ramification index 1 at s. 
This contradicts the condition 7^'^) = 1 by the "the modular-3-property of ramification indices" in 
Lemma 4. The result (ii) then follows. 

(iii) . When Wc is non-singular, all pj-ramification indices at each s G {Wc)'z,g are of the form 
rs + I with = (mod 3) by Lemma 4. Hence 7^°^ is divisible by 3 in the first relation of (9), 
which implies dc is divisible by 3. □ 

For (T, G) in Example 2, we have the following lemma. 

Lemma 7 For {T,G) = A[Q{p)), (nin)), let C be a rational curve in T/G with the property (P) 
and dc > 3. Then the naturally induced 1-form map from H^{T,Q.t) to H^{Wcj^^^) is an 
injective G-equivariant linear transformation. 
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Proof. By choosing a fixed branched element of tc in (6) and with the translation of T by a 
suitable element in Tq, one may assume the dual of 1-form map, H^{Wc, )* — H^iT, ^t)* , 

sends Hi{Wc,'Zi) to Hi{T,Z); hence one obtains the G-equivariant tori-homomorphism from the 
Jacobian of Wc to T, 

i : J{Wc) — > T . (10) 

Note that the dimension of J{Wc) is equal to Sdc — 6 > 3. It suffices to show the surjectivity of 
the above map l. Otherwise, by the G-eigenvalues of i?°(r, J^t)*, either the image or the cokernel 
of i is a 1-torus with an order 7 automorphism group isomorphic to G, which is impossible as there 
is no 1-torus with an order 7 automorphism. Hence the result follows. □ 

For later use, we define the following biregular morphism group of E{(jj), 

Aut{E{u),E{uj)i^ra^)) = {/ : E{u:) ^ E{uj)\ f{E{u)^^^)) = ^(c^)(„^)} ~ Aut{E{uj)) x Z3 , (11) 

where the above Z3 corresponds the translations by elements in £^(0;)^^^^. 
We now determine rational curves C in T/G with dc = 3,. 

Theorem 2 For rational curves C in T/G with the property (P) and dc = 3, the structure of Wc 
and the number of Cs, denoted by £, are given as follows. 

(i) For {T,G) = (E{io)^, (m^)) in Example 1, Wc is the non-singular elliptic curve isomorphic 
to E{uj), and t = 513. 

(a) For (T,G) = {A{Q{fj,)), (m^)) in Example 2 , Wc is the genus 3 non-singular curve iso- 
morphic to the Klein quartic K, and i = 14. 

Proof In this proof, C always denotes a rational curve satisfying the assumption of this theorem. 

(?'). For a curve C, there exists at least one non-constant morphism p.j among the three mor- 
phisms in (8). Denote by < < 3, the number of C"s with exactly k non-constant pjs 

from Wc onto E{uj). By Lemma 6, Wc is biregular to E{uj) via one of these pjS. It is easy to 
see £^^^ = 27. For the computation of wc consider a curve C with exactly two non-constant 
Pj's, say pi and p2. Then by Lemma 6, there exists some / € Aut{E{uj), E{uj)(^„i^'j) (defined 
in (11)) such that Wc is the graph Tj in E[lo)'^ (= the product of first two factors of E(io)^). 
By \Aut{E{uj), E{uj)(^„i^))\ = 18, there are exactly 54 elliptic curves Wc in £'(0;)'' with pj con- 
stant only for j = 3. Hence f^^^ = 162. By a similar argument, one has i^^^ = 324. Therefore 
^ = Efc=i^^^^ =513. _ 

(ii) . For (T, G) = (A(Q(^)), {m^)), Wc is a genus 3 Riemann surface. The morphism tc in (6) 
defines a G-cover of Wc over G with three branched elements contained in Tc. We may assume 
G = so that the branched loci of tc consists of 0, 1, and 00. For an element q G Tc, the q- 
translation tg of T, x x + q, commutes with G, hence tq{Wc) gives rise to another rational curve 
satisfying the assumption of this theorem. Wc first consider the case when the identity element o 
of T corresponds a branched point of re*. By Lemma 7, one has the G-equivariant isomorphism 
between H^{T,^t) to H^{Wc,^y^)- Furthermore, by the bijective property of the morphism 

from Wc onto Wc, the induced G-equivariant tori-morphism l in (10) is indeed an isomorphism 
compactible with the natural embedding of Wc in J{Wc)- Therefore via l, Wc is isomorphic to 
Wc, therefore Wc is non-singular. By Lemma 2, Wc is birational to the plane curve, y'^ = x^(x — 1) 
( hence birational to the Klein quartic K), with tc corresponding to the x-projection. With a fixed 
identification of J{K) with T = A(Q(/x)), the isomorphism l belongs to the automorphism group 
generated by G and the involution ix of T. Note that G leaves K invariant; while iriK) 7^ K since 
otherwise, the simple group Aut{K) contains a non-trivial order 2 center element. Furthermore, by 



12 



the same reason, iT{tq{K)) ^ K for all q E Tq- With the three choices for the branched element 

corresponding to o of T, one obtains three embeddings of K into T passing through o. Indeed, 
we fix an arbitrary embedding K into T as Wc with three branched points of tq, denoted by 
qo{= o),qi,q2- Then qj G Tq and the three embeddings of K into T are given by t-q.{K) for 
j = 0, 1,2. As described in Example 2, Tq is an order 7 (additive) subgroup of T. By which, one 
can show that t-q.{K) HTg are distinct subsets of Tg, hence t-q.{K) three distinct curves in T for 
j = 0, 1, 2. Therefore t-q^{K), iT{t-qj{K)) for j = 0, 1, 2, are all W^c(= l^c) with o as a branched 
point of Tc- By the translations tq for q G Tg, one obtains all the Wc in T, and the number 
^ = ffl = 14. Then the result (ii) follows. □ 

4 Rational Curves C in f/G for T = and dc > 4: 

As in the previous section, C denotes a rational curve in the rigid CY 3-fold T/G with the property 
(P). For > 4, a natural problem would be the existence of C, the solution of which seems to be 
a difficult one, especially in the case T = ^(Q(/i)). For (T, G) in Example 1, no such C exists for 

= 4, 5 by Lemma 6. Here we are going to investigate the cases for dc = 6, 7. 

In this section, we shaU denote T = E{ujf,G = {ml). The elliptic curve E{u)) will always be 
represented as the non-singular compactification of the affine curve, 

2/3 = x(x-l) , (x,y) G C2 , (12) 

with dx/y^ as a base of holomorphic differentials, and the automorphism m^j of Eiuj) represented 
by the map, (a;,y) i— > {x,ojy). The cover map of E{lj) over E{uj)/Zs = corresponds the x- 
projection with the branched loci at a; = 0, l,oo, and the corresponding branched points in E{lo) 
will be denoted by eo,ei,eoo respectively. The torus-involution of E{uj) corresponds to the map, 
{x,y) 1-^ with ei as the identity element of the order 3 (additive) subgroup ii^(a;)^j„^^ (= 

{eo,ei,eoo}) of E{lo). The j-th component of E{ijj)^ will be denoted by {xj,yj) satisfying the 
relation (12) for j = 1,2,3. For a given C, one has the following commutative diagram, 

[re _ Ui 

where rc, Pj are defined in (6), (8) respectively, and ^ is the Za-quotient of pj, and 11 is the triple- 
product of the covering map of E{uj) over E{u)) / {m^^) = P"*^. The morphism 11 sends {{xj,yj))^^i to 
{xj)j^-^, and it induces an one-one correspondence between elements of (£'(a;)^^^^)^ and its Il-image 

set ({0, l,oo})^ Note that Wc could be singular with Sing(Wc) C (I^c)g(= Wc n (£'(w)(„^))3), 
and {pi,p2,P3) defines a bijective morphism from the normalization Wc onto Wc- Hence {Wc)g: 
Tci{Wc)G)i (W^c)g and Il({Wc)c) are all bijective under the morphisms in the above diagram. 

Lemma 8 When dc = 6, the curve Wc in T is non-singular, (hence Wc = Wc )■ 

Proof. Otherwise, there is an element s G {Wc)g corresponding to a singular point of Wc in T. 
Then the three positive integer, Vsj + 1 (j = 1,2, 3), in Lemma 4 must have at least one, say 
rs,i + 1, greater than or equal to 5 by (7). The implies the degree S of pi is greater than or equal 
to 5 by setting p = pi in Lemma 5. By (9), one has dc = S + 2 + j^^^ > 7, a contradiction to the 
assumption dc = G- □ 
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Proposition 1 (i) Fordc > 6, all pj are non-constant morphisms with Sj := deg(pj)(= deg{pj)) > 

2. The morphism {pi,'P2,'p3) defines a bijective morphism between C and its image in (P"^)^, and 
elements of Sing(C^) and Sing(VFc) in one-one correspondence under 11 with the isomorphic 
singularity- structure in their corresponding ambient 3-spaces. Furthermore for s G (VFc)g) the 
Pj -ramification index at s is equal to the 'pj -ramification index at tc{s) for all j. 

(a) Conversely, let W be a smooth curve with a G-action so that YS) jG ~ P^ and |Wg| = ci > 6, 
and p = {pi, P2t P'i) be a G-equivariant morphism of W into E{uj)^ under which Wg cind p(Wg) 
are in one-one correspondence. Suppose that for each s G Wg, the local description of p near s 
satisfies conditions in Lemma A, and the induced morphism 

defines a bijective morphism between W/G andp{W/G), which is biregular outside {Wg)/G with 
deg(pj) > 2 for all j. Then W = Wc for some C inT/G with the property (P) and dc = d. 

Proof, (i). It is easy to see that a non-constant pj must have the degree > 2 ( since the degree-one 
case only occurs when = 3 by (9)), and there are at least two non-constant p/s, say pi,p2- One 
can also see that for s G {Wc)gi the ramification indices of a non-constant pj at s and 'pj at rc(s) 
arc the same. Indeed, if (^1,^2,-^3) = a2t''"'^+V2 asi^'^'^+VsC*^)) is the local 

coordinate i-expression of (pi,P2,P3) centered at s in Lemma 4, then ^ := t^ gives rise to the local 
coordinate in C centered at tc{s), with the local description of (/Oi,P2)P3) '^sar rc(s) given by 

By simultaneously considering all non-constant pjs as the p in Lemma 5, one concludes that the 
morphism 11 sending Wc to C^ is a local isomorphism at every element of Wc. Hence for the 
bijectivity property between G and G^ , one needs only to show that (pi,P25P3) defines an injcctive 
map from C into (P^)^. One may assume C = P^ with B = {aj G C|l < J < c?c ~ 1} U {00} ^ 
the branched loci of re- Then Wc can be represented by 

Y^ = 'f[ {X-ajr^ , {X,Y)e C , 

for some positive integers m^s. The map tc corresponds to the X-projection, and G is generated 
by {X,Y) ^ {X,u)Y). By Lemma 4, the coordinate expressions for a non-constant pj and 'pj have 
the following forms, 

p - X ^ X, = R, {X) , p, : (X, y ) ^ {x, ,y,) = {R, {X), Q, {X)Y) , 

where Rj{X) is a degree-5j rational function of X with RJ^{{0, 1, 00}) = B, and Qj{X) is rational 
function with Qj^({0,oo}) C B. As the branched points of tc, characterized by y = 0, 00, are 
one-one correspondence with {Wc)g: tbe injectivity of {pi,P2,P3) is determined only by the xj- 
values, hence equivalent to the injectivity of {'Pi,P2,'p3)- This shows the bijectivity between G and 

It remains to show that all pj are non-constant. Otherwise, one has 6 < dc < 9, and we may 
assume that {pi,P2) defines a bijective morphism between G and G^ C (P^)^ with the isomorphic 
structure between Sing(Ct) c (P^)^ and Sing(VFc) C E{u!)^. If Wc is non-singular, one has 
pi = C ~ Ct, which is a divisor in (P^)^ linearly equivalent to (52 /i -\-S1f2, where fj is a j-ih. fiber 
of (P^)^. The adjunction formula for implies 

-2 = ci((17(pi), + [Ct])et) = aS2 2)/i + (<5i - 2)/2) • (^2/1 + d,f2) 
= {62 - 2)5i + {di - 2)52 > , (by 6j > 2) , 
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hence a contradiction. Therefore is singular, and dc > 7 hy Lemma 8. By the results we have 

previously obtained, for s £ B {= the branched loci of tc), the p^-ramification index of s is r^j + 1 

for j = 1,2. By (9), one has 5j = dc — — hence 2 < 6j < 7. By Lemma 4, < r^j < 6 
and Vgj 7^ 2, 5 for all s,j. For an element s' & B corresponding to a singular point of C"^ , one has 
(r^'^i, = (1;4), (4, 1), (3,6), (6,3). This implies u{:= max.jr^j | s G B,j = 1,2}) is equal to 4 
or 6. By Lemma 5 and the Za-quotient relation between pj and pj, one has ^7^({0,l,oo}) = B. 
Furthermore, by the property C (P^)^, one has 

\pjHc)\<S, forallcG{0,l,oo},j = l,2, (13) 

since otherwise, say |pi'^(0)| > 4, there are two elements in Pi^{0) with the same ^2""^^!^^^, a 
contradiction to the bijective relation between C and . Let sq be an element in B with rggj = u 
for some j. Without loss of generality, we may assume Tsq^i = u and Pi(so) = 0- If u = 6, one has 
= 9, (5i = 7 and 7^^^ = 0. By Lemma 5, we have |p5~"^(0)l = 1- Hence |p^^(l)| + |^5~"^(oo)| = 8, 
which implies that either |p]^"'^(l)| or |p^^(oo)| is greater than 3, a contradiction to (13). Therefore, u 
must equal to 4, hence 5 < 5i < dc—'i, < 7. By (13) and Lemma 5, we have 1755^^(1)1 = |pj"^(oo)| = 3, 
and there are at least two elements s G ^]"^(c) for c = 1, 00 with r^^i = 1 , which implies rs^2 = 4. 
Therefore there exists at least 4 elements s E B with rs.2 = 4, which is impossible by 62 < 7. 
This completes the proof of (i). By reversing the arguments of (z), one can easily see the converse 
statement (ii) holds. □ 

Remark. Note that the requirement in Proposition 1 (ii) on the local description in Lemma 4 near 
an element s G Wg in W can be replaced by an equivalent one in W/G. Hence in principal, the 
study of rational functions p^'s of should provide an effective method of constructing rational 

curves C in T/G with dc > 6. However, to obtain an explicit form of p^-'s it remains a difficult 
task for the problem. □ 

For dc > 6, by Proposition 1 (i), all pj's are non-constant morphisms. We shall denote the 6,^^^^ 
in (9) for p = pj by (^j, 7]*^ for j = 1, 2, 3 hereafter. Furthermore, by Lemma 5 one has 

Yl + ' forz = 0,l,oo , andi = l,2,3 . (14) 

(Note that we use the representation (12) of E{uj)). 

Now we consider the case dc = 6. The solutions of (9) are: 

(7f , 7^ ) = (0, 2) , (3, 1) , (6, 0) ; dj = A- . 

By Lemmas 4, 5 and 8, jj^^ 7^ 1 and the ramification index rgj + 1 for s G {Wc)g is equal to 1 
or 4. Hence Sj = 2,4; furthermore one obtains the ramification indices for elements in {Wc)g by 
Lemma 4 as follows. When Sj = 2 , \pj^{e)\ = 2 for all e G E{lo)2^_^, and r^j = for all s G {Wc)g- 
When Sj = 4, there are two elements e, e' G £'(a;)2g with |/o~^(e)| = \pj^{e')\ = 1, and the third 
one e" with 1/5^^(6")! = 4, hence r^j = for s G pj^{e") and the rest r^j = 3. The following two 
theorems give the full description on the structure of Wc and its embedding in E(lo)'^ for dc = 6. 

Theorem 3 Assume {T,G) = {EiujY, {ml)). For dc = 6, we have 5j = 2,4 for all j = 1,2,3. // 
there is at least one 6j = 4, the smooth curve Wc is represented by 

Y^ = X^{X-l){X + l){X-i){X + i) , (X,y)GC2, (15) 
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(i.e., Wc is the compact smooth model of the above affine curve.) The embedding of Wc in 
Eioj)'^ , unique up to permutations of components of E(u))^, the .symmetry of Aut{Wc) on Wc 
and Aut{E{uj),E{u)ijn^)) (defined in (11) j on each factor E{lo) of E(lo)^, is given by the following 
standard representation. 

(i). When Sj = 4 for all j, the embedding ofWc into E{u)^ (with the coordinate (12) of E{u)) 
is represented by 

{xi,yi) = {X'^,y), {x2,y2) = ( (x+i)4 i (^3,2/3) = (}$^,5pq^)- (i^) 

(a). When exactly two 6jS equal to A, the embedding ofWc into E(lo)^ is represented by 

{xi,yi) = {X'^,Y), {X2,y2) = ( (x+i)4 , ~x{i+ij )^ (^3,2/3) = (^^iy,X(T^:i))- (l'^) 
(Hi). When only one dj is equal to 4, the embedding ofWc into E{u)^ is represented by 

{x,.,y,) = {X\Y), (,x2,y2) = (^^,x(^)' (^3, ^3) = (^gf , (18) 

Proof. By the X-expression of XiS in each of (16), (17) and (18), one has an injective morphism 
of X into (P^)^, biregular outside {0, 00, ±1, iti}. By Proposition 1 [ii), these (xj, yi)'s expressions 
define the embedding of Wc into E{uj)^ with the required properties. So we need only to derive 
the expression in each case. Wc may assume = 4, and |P]~^(^o)| = IpF^C^oo)! = !> |pr^(^i)l ~ ^ 
(by a suitable Ant(£'(aj), £'(aj)^„^^)-transformation). Then Wc can be represented by (15) with 
pi : X ^ xi = and pi : {X,Y) ^ (xi,yi) = {X^,Y). The map tc of Wc over Wc/G = 
C = in (6) becomes the X-projection in the (X, y)-representation of Wc, with the branched 
loci consisting of X = 0, oo,±l,zbi, and the corresponding branched elements in Wc denoted by 
soj Soo, s±i respectively. Then we have 

Pr^(eo) = {so} , PT^ie-oo) = {soo} , P\^{ei) = {s±i,s±i} • 

Note that every birational morphism of X G P^ preserving {0, 00, ±1, ±1} naturally induces an 
automorphism of Wc commuting with tc- 

Claim: For i = 2, 3, the pj-ramification index at so,Soo is not equal to 4. Otherwise, without 
loss of generality we may assume rs^^2 + 1 = 4, and P2(oo) = 00. Then p2 is represented by 
X ^ p{X) = a{X - 5)"^ for some a G C \ {0} and 6 G {±1, ±i}. Then p{0) = p{b') for 6' G {±1, ±i} 
and b' ^ b, which is impossible as there is no solution for such p{X) . 

(i). We have = 4 for i = 2,3. There are exactly two elements in {±l,±i} with the Pj- 
ramification index = 4, and Pj(0) = pj(oo). We may assume Pj(0) = Pj(oo) = 1, and p,j is expressed 
by X I— > Xj = Oi x-V distinct elements 6, h' G {±1, ±i} and some a G C \ {0}. The solutions 

of {6, 6'} are ±1, ±1, hence we may assume (6, b') = (1, —1), (i, — i) by using the biregular morphism 
of (15) induced from the map X —X for the rest cases. As the rational map, X ^ —'^X, 
interchanges {±1} and {±i}, while fixing 0, 00, one can write P2, P3 in the following forms after 
some suitable ylMi(£^(u;), £J(u;)^„^^)-transformations: 

P^(^) = IXTTF ' ^(^) = • 
Then the expression (16) for the embedding Wc in E{uj)^ immediately follows. And one has 

P2^(eo) = {Sl} , P2^{Coc) = {s-i] , P2^(ei) = {so,Soo,s±i} , 
P3 ^(eo) = {Si} , P3 ^(^oo) = {S-i} , PsHei) = {sOiSocSil} • 
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(a). We may assume ^2 = 4 and 53 = 2. By the argument in (i), we have {x2,y2) = 

( (x+i)^ ' ~x{x+i)^ ) with Ps^eo) = {si}, P2\eoo) = {s-i}, P2^(ei) = {so, Soo, s±i}- The rational 
function P3 is of degree 2, unramificd at {±1, ibi, 0, 00}. As the (p]^, p2)-vahics of ibi are both (1, 1), 
by Proposition 1 (i), P3(ibi) are distinct with values in {0, 00}; hence one may assume P3(i) = 00, 
P3(— i) = 0. Through the birational functions, ±^^,^, one may further assume P3(oo) = 00. 
Then P3 ^(0) = {— i, 0}, {— i, 1}, {— i, —1}. As there are two elements in {±1, iti, 0, 00} \ pj^(0, 00) 
with the P3-value = 1, one concludes p^^{0) = {— i, 0} with the relation X3 = ^l^x-i) ■ '^^^ expres- 
sion (17) then follows, and we have 

P3^(eo) = {S0,s_i} , P2^(eoo) = {Soo,Si} , Ps^C^l) = {s±l} ■ 

{in). We have 62 = S3 = 2. Both p2 and P3 are degree 2 rational functions of X unramified 
at {±1, ±i, 0, 00}. By a suitable change of variables, one may assume that pj takes different values 
at and 00 for i = 2,3. Otherwise, say P2(0) = p2(oo) = 00, and P2(l) = 0. Then using (14), 
one can show P2(~l) = 1- By applying the rational function the p2-values at 00, are now 
converted to ±1. Afrer a change of variables of Xi, we can further assume Pj(0) = 0, Pj(oo) = 00 
for i = 2,3. By changing X to —X if necessary, we may further assume p2''"(oo) = {00, 1} and 
P3^(oo) = {00, i}. This implies X2 = ^^x-i^ ' ^3 ~ ^(x-i) Lemma 5. The expression (18) then 
follows, and we have 

^2^60) = {so,s_i} , P2^(eoo) = {soo,si} , P2 Hei) = {s±i} , 
P3^(eo) = {so,S-i} , P2^{eoo) = {soo,Si} , P3 ^ei) = {s±i} • 

□ 

When all pjS are of degree 2, we have the following result. 

Theorem 4 Assume {T,G) = {E{ujY', (m^,))- For dc = ^ and 5j = 2 for all j, the embedding 
ofWc into E{ujy' , unique up to permutations of components of E{lo)'^, and Aut(E{uj), E^uj)^^^^^)- 
symmetry on each factor of E{u})^ , is given by the following standard representation. 

(i) When there exists a pj such that for the other two k ^ j, fibers of pk and pj over E{uj)g 
coincide on one element, Wc is described by the curve 

= X{X -1){X + 1)(3X - 1)(3X + 1) , (X, y) G C\ (19) 

and the embedding of Wc into E{ojY is represented by 

( \ _ /(X-1)(3X+1) Y \ ( \ — i -(-^+1) Y \ 

Kxx,y\)-\ 'iMx-*' K^-i^y^) - Ux-i)(3X+i)' (x-i)(3X+i)^ /^n^ 

/ \ — ( X-\ -Y \ 

(X3,y3) - l(X+l)(3X-l)' (X+1)(3X-1))- 

(a) When there exists exactly only one pair, pj ^ pf., such that their fibers over E{lo)g coincide 
on one element, Wc is described by the curve 

= X{X -l)iX + l)iX -i){X + i) , {X,Y)eC\ (21) 

and the embedding of Wc into E{uj)^ is represented by the following form: 

(^I'^i) = (WT'^)' (^2,y2) = (i^^,Tp^), ix3,y3) = i^z^,x{hi))- (22) 

(Hi) When any two of pj's has no common fibers over E{u;)c, the curve Wc is represented by 
(21), and the embedding ofWc into E{u))^ is given by 

(^i,yi) = ( ^-2(V|g\ ^), (^2,y2) = (^¥^,^), (X3,y3) = (fg#,^). (23) 
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Proof. By the X-expression of Xj's in (20), (20) and (23), one has an injective morphism of X 
into (P^)^ with different branched points in X-plane for the maps xi,X2 in each case. Hence 
by Proposition 1 (ii), the {xi^yiYs expression defines the embedding of Wc into E{ujY' with the 
required properties. So we need only to derive their expressions. As pj over E{(jo)g has the 
isomorphic structure as over {0, oo, 1}, the conditions in can be carried over to those of 

p^s. For a suitable coordinate of C = P"*^, we may assume the branched loci of tc consists of six 
distinct elements, 0, oo, 1, a, 6, c. 

(i). With suitable permutations and change of variables of x'^s, we may assume 



p-i(oo) = {0,oo}, p-i(0)={l,a} J>-\l) = {h,c}- 
P2\^) = {l,a} P2n0)={oo,6} 752^(1) = {0,c}. 



(24) 



while for one has 

P3noo) = {6,c}, (p3-^(0),p3i(l)) = ({oo,l},{0,a}) or ({oo,a},{0,l}) . 

The solutions are given by (a, h, c) = (^, —1, ^), (—3, 3, —1). The two cases arc equivalent by the 
change of variables, X ^ -j^. So we may assume (a, 6, c) = (^, —1, |), hence Wq is represented 
by (19), and 

_ (X-1)(3X+1) _ -(X+1) _ X-l 

^1 ~ -4X ' ^2 — (X-1)(3X+1) ' ^3 — (X+1)(3X-1) " 

Then the expression (20) follows. 

[ii). As in (i), we may assume P2 with the property (24). By the assumption of {ii), the 
P3-values for and 00 are distinct, the same for 1 and a; furthermore the collection of these four 
values is equal to {0, 00, 1}. One may also assume 'p^{oo) = 0, ^3(6) = 1, then we have the following 
descriptions for p3-fibers: 

(n)i : P3n0) = {oo,a}, ^(1) = {0, 5}, ^(0) = {c, 1}; 

(u)2: P3'(0) = {o°>c}, p3-\l) = {0,a}, P3i(0) = {6,l}; 

(ii)3: P3\0) = {oo,c}, p3-i(l) = {0,a}, pg ^(0) = {6, 1}; 

(u)4: P3'(0) = {oo,c}, P3-^(1) = {0,1}, P3i(0) = {a,6}. 

The solutions of (a, 6, c) in the above cases are the same, given by (a, 6, c) = (i, 1 + i, ^), (— i, 1 — 
i, ^)- By changing the variable X to ^, ^, one can convert {ii)i to (m)2, (^^3) (^^4 respectively. 
So all cases are equivalent to those in {ii)i. By applying the changes variable, 

X ^ ^ (0,00, 1,-1, i,-i) (i±i, 00,1, i,l +i,0) when (a, 6, c) = (i, 1 + i, ^), 

X ^ ' (0,00,1,-1,1,-1)^^(1-1,0,1,-1,^2^,00) when (a, 6, c) = (-1,1 -1,^2^). 

the branched loci of tq becomes {0, 00, ±1, ±i}, hence Wc is represented by (21). The two X- 
expressions of Xj's derived from (24) and {ii)i arc equivalent via the change of AT-variables, X 1— >■ 
^^x-i^ ■ Hence we have xi = ^^x+l) ' ^2 = i(^x'^-\) ; ^3 — • '^^^ expression (22) then follows. 

{ill). We may assume the p^-fibers over {0, 00, 1} has the description in (24). With suitable 
coordinates of X and X2, p2-fibers are given by 

P2\0) = {0,c}, P2'(l) = {a, 6}, P2'(0) = {00,1} . 

Then p3-fibers have the following expressions: 



(m)i 
{iii)2 

(m)4 



p^\0) = {0,b}, P3i(l) = {l,c}, P3i(0) = {oc,a}, 

P3-i(0) = {0,a}, P3-1(1) = {1,6}, p3-\0) = {oo,c}, 

753^0) = {0,1}, p^Hl) = {a,c}, P3 1(0) ={00,6}, 

P3i(0) = {0,a}, P3i(l) = {l,c}, p^\0) = {oo,b}. 
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The solutions of (a, b, c) are given by 



{(i, -i, -1), -1) for (m)i; 

(2,l + i,l-i), (2,l-i,l + i) for(m)2; 

+ (-i,i^,l-i) for(m)3; 

(b^in'^'F^^) for(m)4. 

For the solutions of {iii)^, the injcctivc property of (pi,P2'P3) Proposition 1 (i) implies 6 = 1, a 
contradiction to the choice of b, hence {iii)4^ can be ruled out. For each one of the rest cases, the 
structures of {pi , /O2, P3) provided by the two solutions of (a, b, c) are equivalent under the symmetries 
of this theorem after a suitable coordinate-change of X. Indeed for by X 1-^ , one can 

transform the structure of p^ 's of the second solution to the first one. The same is for (zn)2 by 
X and for {iii)^ by X 1-^ Hence it suffices to consider the structures given by the first 

solution of for i = 1,2, 3. By the maps, — Xorl — (1 — i)X, one can reduce the first 

solution of {111)2-, {iii)3 to that of (iii)i. Hence the structure of p^'s is uniquely given by 

_ _ X{X+1) _ XjX+i) 

~ -2(l+i)X ' -^2 — x-1 ' — i(X-i) ' 

with the branched loci of tc = {0, 00, ±1, =bi}. The results of {iii) then immediately follow. □ 



Remark. Note that the involved symmetries in Theorem 3 are more than those in Theorem 4 
( with the extra Aut {Wc)-syinineti:ies on Wc for the former one). However, the Wc's in (15), 
(19), (21) pairwise are not Za-equivariant. The counting of curves C could be obtained, though 
cumbersome but workable, for each cases in Theorems 3 and 4. □ 

Now we consider the case dc = 7. The curve Wc is singular by Lemma 6 (Hi). Using the 
relation (9), {^jilj^Klj^^) takes one of the values (3, 2, 2), (4, 5, 1), (5, 8, 0) for all j. Hence the 
singular points of Wc correspond to those element s in {Wc)g with rs,j = 4 and rs,k = 1 for 
some j ^ k by Lemma 4. Furthermore, all rgj + 1 for s G {Wc)g are positive integers < 5 and 
7^ 3. Denote the branched loci of tc in C by S, which can be identified with {Wc)g via tc, hence 
IS"! = 7. Without loss of generality, we may assume Si = 5 and r^j = 4 for some s € S. 

Claim: |Sing(C^)|(= |Sing(l/Kc)|) = 2, and for suitable P^-coordinates X for C, one has S = 
{0, 00} U {a G C I = 1} with Sing(C^) corresponding to {0, 00} and the expression of pi given 
by xi = X^. In fact, the X-coordinates of C can be made so that co £ S with r^o,! = 4. Then 
pj^^(oo) = {00}. By (14), the p^-fibers over {0, 1} are described by one of the following list for a 
suitable xi-coordinate, 

7«: |pr'(o)i = i, ipr'(i)i=5; 

7 iii)-. \Pi\0)\=2, \p^\l)\=A; 
7(m): |pr'(0)|=3, |pr'(l)|=3, 

with p^-ramification indices of elements in S and the X-expression of xi for a suitable coordinate 

X of (7 as follows: 

4 , r„a = 0; 

1, n^,i = 0,{j = 1,2,3) ; 
ri,i = 0, r„,,i = l,(l<j< 

In the case 7(.j.j.j), the singularities of consists of 5 elements, oo,aj(l < j < 5), among which 
there are at two elements with p;;,-ramification index 5 for A; = 2 or 3 by the property (7). Then the 



7(j) : xi = X^, S = {0, 00} U {a \ a = 1}, where roj = 

'^(ii) '■ ^1 = a^a-l) ' = {0, OO, 1 , O, 61 , &2 , ^3 } , wlicrc r^^i = 

7(m) : xi = ^(^~")n^~a?\ 5 = {0,00,1,01,02,03,04} where ro,i = 
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structure of pj^ is equivalent to the case 7(j), which implies |Sing(C^)| = 2, hence a contradiction. 
In the case 7(jj) , a and hj 's satisfy the relation 

— (a) = 0, xi{a) = xi{bj) , j = 1,2,2,. 

By computations, there are no solution of a and 6j's so that S consists of 7 distinct elements. 
Therefore 7(j) is the only description oi'p-^, hence follows the claimed results. 

Now we make the identification S = {0, oo} U {a G C | = 1} with Sing(Cl^) corresponding 
to {0, oo}. The degree ^2 is equal to 3 or 4, since otherwise, the map P2 is equivalent to the case 
7(j). Then the five elements, a G C with = 1, take the same value of {xi,X2), hence can't be 
mapped injectively in (P^)^. When 82 = 3, by (14), one may assume the X-expression of X2 is 
given by X2 = (c?+1)^-^^y~^ for some primitive 5th root of unity d, satisfying the relation 2:2 (d^) = 
X2{d^) = X2{d'^) = 1, which is impossible. Therefore 82 = 4, then one may write the X-expression 
of X2 either as X2 = ^^x^'^ with X2(/9*^) = 1 for 1 < A; < 4, or 0:2 = Z?^"*"^ (xi^)^x-/3<') 

some 1 < ^ < 4 with §(0) = and 0:2 (0) = X2(/3'^) = 1 for 2 < A; 7^ ^ < 4, where /3 is a primitive 
5th root of unity. One can easily see that there is no such X-expression of X2. Therefore, we have 
shown the following result: 

Proposition 2 For {T,G) = {E{ujf, {ml)), there is no rational curve C inT/G with dc = 7. 

5 Conclusions and Perspectives 

In this work, we have studied the structure of CY 3-fold T/G associated to 3-torus-orbifolds T/G 
with only isolated singularities, then conduct a primitive investigation of a rational-curve problem 
on T/G. By the theory of CM-type abelian varieties and a topological relation on the global 
structure of T with its G-fixed pont set Tq, the isomorphic classes of (T, G) are determined, which 
are represented by {E{u))'^ , Z3) in Example 1, or (A(Q(/i)), Z7) in Example 2 in Sect. 2. For each 
case, the crepant resolution T/G is a rigid CY 3-fold with a simple structure of exceptional divisors. 
By studying some special G-invariant curves in the 3-torus T, we investigate the rational-curve 
problem about a P-'^-curve G in T/G not in exceptional divisors with the property {P) (in Sect. 3), 
then introduce the counting number dc of elements in G intersecting the exceptional set of T/G. 
When dc equals to the minimal number 3, we have obtained the structure of the corresponding 
G-invariant curve Wc in T, and the total number of such rational curve G in T/G. For dc > 4, 
progresses on this rational-curve problem in T/G are made only in the case (T, G) = {E{uj)^ , Z3), 
where a method was developed by reducing the problem of G in the CY space to one about rational 
curves in (P^)'^. We have shown that for a given dc, the existence of G appears to be a non-trivial 
problem by examining each case for dc < 7. Only when dc = 6, one has the positive solution for 
the problem by performing explicit polynomial-calculations. Indeed, the complete characterization 
of the G-invariant curve Wc in T has been derived in the case dc = 6. The results obtained so far 
seems to suggest some reasons skeptical to the existence of rational curve G with higher dc, even 
though the justification has not been done yet. The qualitative understanding of the G-invariant 
curves Wc in the 3-torus T would still be required for further study on this rational curve problem 
in these rigid CY 3-folds T/G. Recently, progresses on the modularity property of certain rigid 
CY 3-folds defined over number fields have been made in arithmetic geometry (see, e.g. [14] and 
reference therein). The rigid CY 3-folds T/G studied in this paper appears to be among interesting 
models deserving for close inspection to the possible modularity feature. Owing to the intricacy of 
the defining equations of T/G, much remains to be discovered in the arithmetic aspect of T/G. 
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Appendix: 3-tori T with a finite cyclic automorphism group G and 

\Tg\ < oo 

In this appendix, we are going to derive the complete hst of (T, G) for a 3-torus T and a finite 
cyclic automorphism group G C Aut{T) with \Tg\ < oo. 

First we state the following algebraic fact, whose proof can be found in [2]. 

Lemma 9 Let M he a finite- dimensional vector space over Q, and G a finite abelian subgroup 
of AutQ^M) C EndQ{M) with \G\ = d. Denote QG the group ring of G over Q, regarded as 
a subring of EndQ^{M). Suppose M is a simple QG-module. Then G is a cyclic group, and 
QG = Q(Cd); dimQM = (p{d), where (p is the Euler function, and Q(Cd) is the cyclotomic field of 

2-Ki 

degree d with Q = ^ ■ 
□ 

Proposition 3 LetT be an-torus (n > 2), G an order d cyclic subgroup of Aut{T) with \Tg\ < oo, 
and 9 a generator of G. Let be the collection of all distinct eigenvalues of the differential 

{d9)o at o & T. Denote ^ = where ipj is the field- embedding of Q(Cd) C with 

'PjiCd) = h(i := the ideal-class number ofQ((^d)- Then 

(i) 2n is divisible by (f>{d), and s > ^y^. 

(ii) When 2n = (f){d), (hence n = s = by (i)), the n-torus T is an abelian variety of 
type (Q((^d),$) in the sense of [13] under the identification of niQ (the Q-multiplication) with 9 in 
EndQ{T). Furthermore, for a given the number of (non-isomorphic) abelian varieties of type 
(Q(Crf))*^') is equal to h^. In particular, when h^ = 1, T is isomorphic to A{Cl{^cl)j^) (■'= the 
abelian variety (Q(Cd) I^)/(Z(C(i) '55 1) with the natural induced complex structure). 

(Hi) When s = (Q(C(i),*I*) is a CM-field. Denote k = Then T is isomorphic to It- 

product of the (Q(Cd)) ^)-type abelian variety , and 9 can be chosen to correspond to the k-product of 
ruQ. Furthermore, for a given there are exactly {'^'^^^~^) such (non-isomorphic) n-dimensional 
abelian varieties T. In particular, T is isomorphic to {A{Q{Q) , ^))^ when hd = 1. 

Proof, (i). Consider the induced G-action of the 2n-dimensional Q-spacc i?i(T, Q). By \Tg\ < oo, 
G can be regarded as a subgroup of AutQ{IIi{T, Q)). Hence there is a simple QG-submodule M of 
i?i(r, Q). By Lemma 9, we have QG = Q(Cd), so -ffi(T, Q) becomes a Q(("rf)-vcctor space, which 
implies (j){d)\2n. By the identification of Hi{T, Q) ®q C with H^^^{T)* © H^'^{T)*, and H^^'^{T)* 
with the tangent space of T at o, on which there are s-distinct eigenvalues for the linear map {d9)o, 
one has the C-dimension of Q(Cd) ®Q C is less than or equal to 2s. Hence s > 

(ii). In the case 2n = 4>{d), one has the isomorphism of Q(Cd) into Endf^iT), which sends C,^ 
to 9. Then T is abelian variety of type (Q(Cd)) ^) [12]. The rest of conclusions in {ii) follows from 
Proposition 17 in [13]. 

[Hi). By s = any simple QG-submoulde of i?i(T, Q) can be identified with Q(Cd)) then 
follows the CM-field (Q(Cc/)! Furthermore, with the ^-induced action, IIi(T, Z) becomes a Z[C(i]- 
module. By the classification of regular Z[(^(i] -modules [3, 7], Hi{T,Z) is isomorphic to a direct 
sum of ideals, Ij{l < j < k), in Z[Q], 

Hi{T,Z) ~ /i + • • • + 4 as Z[Cd] - modules . 

Note that the rank k and the ideal-classes of Ij are the only invariants for the above Z[C(i]-module 
structure. This implies the number of the Z[(^(i]-modules of rank k is equal to {''~^']^~^)- By "(8)2Q" 
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(or "(gj^R") with the above relation, one obtains the Q(Cd) (Q(Cci) ®Q R resp.) structure of 
Hi{T,Q) ( Hi{T,'R) resp.), which are compatible with the above Z[^c;]-module decomposition of 
i?i(r, Z). Hence as real-tori. 



T = H,{T,R)/HiiT,Z) ~ lliQiCd) ®Q x 1) 



(25) 



by which the ^-action on T corresponds to the product of niQ of the factors. In order to identify 
T with the A;-product of the (Q(Cd), $)-type abelian varieties through (25), one needs to show 
that (25) gives rise to an isomorphism of complex-tori by using For this purpose, it suffices 
to show the multiplications on Hi{T,H)(= the tangent space of V at o) by complex numbers are 
elements in the algebra over R generated by {d9)c 
(0 < i < 4'id) - 1) such that 



By s = for c G C, there exist Vsj G R 



4>(d)-i 

j=0 



m 



By which, through the field-embeddings in $, one concludes that the c-multiplication is expressed 
by Sjit) ^ fs,j{d6)i. The results of {iii) then follow. □ 

Remark. The statement {ii) is a special case of {Hi) for k = 1. And in the assumption of the 
above proposition, the "cyclic" condition of G can be replaced by "abelian" one, but with the same 
conclusions, by Lemma 9. □ 



For a cyclotomic field Q(Cd) of degree d, and a positive integer j(< d) relatively prime to d, there 
is the ficld-cmbedding of Q(C(i) into C, denoted by V'i(= V'dj)) defined by ipj{Cd) = Cd- 

Proposition 4 Let T be a 3-torus, and G a cyclic subgroup of Aut{T) with \Tg\ < oo and d{= 
\G\) > 3. A list of {T,G) (up to isomorphisms) with the description of a generator of G is given 
as follows: 



\G\ 


T 


9 (a generator of G) 


3 


E{lo) X E{lo) X E{lo) 


m,,^ X m,^^ X m,^^ 


3 




[dB),, ~ (lia 


4 


E{i) X E{i) X E{i) 


rrii X m[ X mi 


4 


** 


{d6)o ~ dia [i, i, — i] 


6 


E{u)) X E{ijo) X E{u) 


—m^^ X —m^^ X — m^; 


6 


* 


{d0)o ~ dia [—Lo, —cj, — o;^] 


7 


^(Q(C7),{V'1,V'2,VA3}), A(Q(C7),{V'1,V'2,^4}) 




9 


^(Q(C9), {^1, ^2, V'4}), A(Q(C9), {V'l, V'7}) 




14 


^(Q(C7), {^1, ^^2, V-a}), A(Q(C7), {^1, ^^2, V'4}) 




18 


^(Q(C9), {V'l, ^^2, V'4}), A(Q(C9), {^1, ^^4, V'7}) 





where E{Lu),E{i) are the 1-tori with {E{uj),m^) defined in Example 1, and E{i) = C/(Z -|- Zi) , 
rui : [z] I— > [iz] . The structure of classes " * " , " * *" has yet completely determined, and " ~ " 
means the conjugation of matrices. 

As a consequence, when G C Saut{T), (T, G) is isomorphic to either {E{uj)^, {m^)) (in Example 
1), or ((Q(C7), {'01, V'2,V'4}), (rn^y)) Cm Example 2;. 
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Proof. By Proposition 3 (i), we have 0((i)|6. Using the expression of (f){d) in terms of its prime 
factors p, (f){d) = dYlp^^{l — |), one obtains the conclusion: d = 3, 4, 6, 7, 9, 14, 18, hence the ideal- 
class number hd of Q(Cd)=l- When d = 7,9, 14, 18, we have (p{d) = 6. Then the classification in 
those cases follows from Proposition 3 (ii), and Ci4 = —(7, C18 = — Cq- When d = 3,4,6, we have 
(f){d) = 2. By \Tg\ < 00, any eigenvalue of {d9)o must be a primitive d-th root of unity. Hence s (in 
Proposition 3) is equal to 1 or 2. When s = 1, we obtain the structure of the 3-product of 1-torus 
in the above table by Proposition 3 (iii). When s = 2, the eigenvalues {d6)o can be determined as 
in the table, while the tori-structure of T remains to be determined. □ 

Remark. In the table of the above proposition, the detailed structures of classes " * " and " * *" 
haven't been identified yet. However, these classes do not possess the property G C Saut{T), of 
which we required in the main content of this paper. But there does exist some torus in " * " and 
" * *". Indeed, one can easily see that E^uj)'^ is an example in " *". For the class " * *", it contains 
the Jacobian of the following one-parameter family of genus-3 hyperelliptic curves, appeared in the 
study of chiral Potts iV-state model for iV = 4 (see, e.g., [1]): 

^,^ (l-.A)(l .A-) _ 

1 — K"^ 

for KG C\{0,±1}. □ 
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